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ABSTRACT An elementary derivation of the chiral anomaly is given in terms
of noncommutative traces of pseudo-dierential operators.
The ordinary trace functional acting on nite N N matrices is always dened
and has the fundamental property that tr [A;B] = 0: In innite dimensions the
concept of trace becomes more subtle. Even for bounded Hilbert space operators
the trace does not usually make sense (the sum of diagonal elements either diverges
or depends on the bases). In the case of pseudo-dierential operators there exist
alternative denitions. An important trace is given by the operator residue, [W],
which picks up precisely the logarithmically diverging part of the ordinary trace
and gives it a nite value; this is equal to the Dixmier trace used extensively in
noncommutative geometry, [C].
In certain important cases in quantum eld theory there is an alternative way
to make sense of the logarithmically diverging piece. Let d be the dimension of
the underlying space-time manifold. It may happen that even though the trace
of a PSDO if formally diverging (by power counting, the logarithmically diverging
borderline case being degree =  d) it has a nite value as a limit  ! 1 of
the ultraviolet cut-o trace tr

: This is the case when the leading symbol of the
PSDO is a total derivative in momentum space; in that case the cut-o trace
becomes a nite surface integral (plus possibly a nite ordinary trace of the lower
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PSDO can be written as a commutator. If the degree (in momentum space) of
the commutator is precisely  d then the trace depends only on the leading symbol
and is given exactly by a surface integral. This fact has been used in calculations
involving Schwinger terms in quantum eld theory, [M1], [LM],[CFNW]. In this
note we shall show that the symbol calculus of PSDO's combined with the use
of the noncommutative trace, as discussed above, gives a simple derivation of the
known formula for the chiral anomaly, see the reviews in [R] and [TJZW] for earlier
approaches to this problem or [BGV] for a more mathematical discussion of the
subject.
Although the use of symbol calculus of pseudodierential operators has always
been implicit in calculations of Feynman diagrams we nd that is is of great ad-
vantage to use the symbol calculus in a systematic way. We believe that the theory
is not yet fully exploited in quantum physics and more applications are waiting, in











) be the chiral (nonselfadjoint) Dirac operator in
R
d
; d = 2n even. Here A is a vector potential with values in a Lie algebra g of

































: The Lie algebra g acts on the com-
ponents of the Dirac eld  through a nite-dimensional unitary representation 






; where N is the dimension of :
We shall apply the symbol calculus of pseudo-dierential operators and there-
fore we assume that the potential A and the gauge transformations have compact
support.
A PSDO is given by its symbol a(x; p) which is a smooth function of the coor-
dinates x 2 R
d
and momenta p 2 R
d
; [H]. We shall consider the restricted class of
PSDO's which admit an asymptotic expansion of the symbol as
a(x; p)  a
k
(x; p) + a
k 1
(x; p) + a
k 2
(x; p) + : : :
where k is an integer and each a
j
is a homogeneous matrix valued function of









+   + p
2
d
= jpj ! 1: The
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asymptotic expansion for the product of two PSDO's is given by the formula














where the sum is over all sets of nonnegative integers m = (m
1



















; and m! = m
1
! : : :m
d
!:
The trace (if it exists) of a matrix valued PSDO A is given as





tr a(x; p)dx dp:
The trace exists if the symbol a(x; p) behaves asymptotically jpj
 d 
for a positive
: The borderline case  = 0 is important to us: in that case the trace diverges
logarithmically except when the leading symbol a
 d
(x; p) is a total derivative in
momentum space. If it is a total derivative the trace can be written as a (nite)
surface integral of some symbol which is of degree  2n+1: For the restricted class
of PSDO's A with a symbol a of degree k we can expand the cut-o trace tr

A in






























+ : : :(3)
The logarithmic term arises from the trace of the degree  d piece in the symbol.




in the above expansion. If degA <  d then the regularized trace is equal to the
ordinary trace trA:
The degree of a  b is equal to the sum of degrees of a and b: The leading
term in a  b is just the matrix product ab of the symbols. If dega + degb = p
the the highest order term which contributes to the trace tr [A;B] is of degree
p  1 since the nite-dimensional commutator traces in V vanish identically. The




) where 'reg' means that
some sort of regularization is needed for the convergence of the innite-dimensional
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determinant. We shall use the following regularization. Formally, the logarithm of






) = TR log(D
A
):
Of course, the right-hand-side is ill-dened whenD
A
is not invertible and for invert-
ible operators one has to x the phase of the logarithm somehow. It will turm out
that for the computation of chiral anomaly the form of the 'infra-red' regularization
of the Dirac operator is inessential (since the anomaly will be a surface integral in
momentum space). On the other hand, if one is interested only in the determinant




) = 0 when D
A
is not invertible
and use the above formula in other cases. We shall return to the problem of infrared
relularization after some additional modications of the eective action.
The operator log(D
A









is a classical pseudodierential operator
of degree zero. We can then drop an (innite) constant from the denition of
the eective action by declaring that S(A) = TR W
A
: The operator W
A
is very
complicated function of A because
log(ST ) = log(S) + log(T ) + F (S; T )
where F (S; T ) =
1
2
[log(S); log(T )]+ higher commutators. When computing the
regularized trace one is not allowed to drop the commutator terms because in
general TR [S; T ] 6= 0: However, only a nite number of commutators are relevant,
giving a contribution to the eective action which is a nite dierential polynomial.
This is seen as follows. In this case S = D
0













































+ : : : :
It follows that there are only a nite number of terms in the expansion of the
logarithm which are of degree >  d and which can contribute to the trace of the
commutator. Furthermore, for each term we need to compute derivatives in mo-
mentum space (for the asymptotic expansion (1)) up to a nite degree, because each
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derivative decreases the degree by one unit. Finally, in the multiple commutator
expansion for F (S; T ) we need to take only a nite number of commutators with T
because the degree of log(T ) is -1.
The conclusion is that
TRW
A





) + P (A)










This denition gives also a resolution to the phase problem for the logarithm.




















































: We shall show below that the
anomaly can be written as a regularized trace of commutators of PSDO's which then
leads automatically to a nite dierential polynomial expression for the anomaly.
Using  iL
X














































: (In computing the
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Disregarding commutator terms this expression is the same as the above formula
for !(X;A): More precisely,








































and the fact that P
+
commutes with a product of a pair of  matrices.
Actually, there is a delicate point in the above argument which shows the dif-
ference between the terms arising from the 
d+1
part (the nontrivial part of the














in order to make sense of
the traces. But the regularized operator
1
p+i
A does not commute with 
d+1
which






as a sum of commutators; but this does no have an eect on the computation in-











); iX]: The ultraviolet regular-
ized trace of the commutator depends only on the degree  d part of the asymptotic
expansion of the commutator. Thus the choice of the infra-red regularization does
not have any eect on the result and can be ignored (see the explicit computations
below); the remaining traces will be surface integrals in the momentum space.
The case d = 2: Since now TR [A;B] = 0 when deg(A) + deg(B)  2; the only
nonvanishing term is






The form of the infrared regularization at p = 0 is irrelevant, since the trace of the
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and thus a trivial 1-cocycle. Actually, the real part must be a trivial
cocycle in any space-time dimension on cohomological grounds. Note also that







): This term is the






A):We shall show later











is a local dierential
polynomial in A in any dimension d:



















































The actual computation of the various commutators and traces is a straight-forward
























; if p = 2n:












where the exterior algebra notation has been used for the integrand. The real
part is again trivial and can be written as a coboundary of a suitable dierential
polynomial in A:
The general case























































The right-hand side can be written in a more compact form, involving the inverse
of the Dirac operator D
A




































































































































(see the discussion below on the real part of the anomaly). We shall denote by


the sum of 
d+1
terms in : The trace of the commutators is again a boundary
integral in momentum space of terms with symbols decaying like jpj
 d
as jpj ! 1:























































































Taking into account that the nonzero contribution to the trace of the commutators
comes from degree =  d terms in momentum space and using the property (11) of





































































are evaluated using F =  idA+A
2
and the Bianchi identity  idF + [A;F ] = 0; in
this formula and in the equations below "d" means the usual exterior dierentiation
(without  matrices) and the products of forms are exterior products. We get
a
m




Z when m even
F
(m 1)=2
( idZ +AZ) when m odd
where Z is an arbitrary operator and the products are exterior products of dier-
ential forms.












Using the symmetrized trace
Str(T
1










: : : T
i
m














where 'Str' is the completely symmetric trace, In the above formula one has to
insert dX;A and (d  2)=2 copies of F as arguments.
Summarizing, we get for the 
d+1























= tA and F
t





The real part of the anomaly
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In contrast to the chiral case the derivation of this equation does not involve the
problem that 
d+1




The  nite part of the cut-o trace of the right-hand side depends only on the
projection 
 d
(because it is a sum of commutators) of the asymptotic expression
to the degree  d part. On the other hand, a gauge variation commutes with the




















(A) is a local dierential polynomial in A; of degree d: In the case d = 2






dx: This argument is not valid for the imaginary part. We




















Actually, one never needs an explicite expression for P
d
(A) since in the modied
eective action (which has gauge invariant real part) precisely these terms are

























This is our nal formula for the eective action with gauge invariant real part.









are trace-class when k > d:



















has a nite trace
without any cut-o. However, we have not performed the anomaly calculation for
this form of the eective action although we expect to get an equivalent result.
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